Restricted single-reference coupled cluster theory truncated to single and double excitations accurately describes weakly-correlated systems, but often breaks down in the presence of static or strong correlation. Good coupled cluster energies in the presence of degeneracies can be obtained by using a symmetry-broken reference, such as unrestricted Hartree-Fock, but at the cost of good quantum numbers. A large body of work has shown that modifying the coupled cluster ansatz allows for the treatment of strong correlation within a single-reference, symmetry-adapted framework.
I. INTRODUCTION
The electronic structure of weakly-correlated systems is accurately described by the coupled cluster (CC) family of methods. [1] [2] [3] [4] Coupled cluster with low order excitations, such as CC with single, double and perturbative triple excitations, CCSD(T), gives quantitatively correct results for weakly-correlated systems, and the method is routinely applied to a wide range of quantum chemical problems. However, as a single-reference theory, coupled cluster usually fails to describe strongly-correlated systems, where the reference wave function, e.g. restricted Hartree-Fock (RHF), fails to even qualitatively describe the physics in the many-body spectrum, usually reflected in the single-particle spectrum. Such multi-reference problems are characterized by degeneracies, i.e. for symmetry-adapted RHF orbitals, the HOMO-LUMO gap vanishes.
One solution is to allow symmetry breaking in the reference, e.g. using an unrestricted
Hartree-Fock wavefunction. Symmetry breaking lifts the degeneracy, allowing the HOMO and LUMO to become gapped. Unrestricted coupled cluster usually has well-behaved energies, but can suffer greatly from spin contamination. Thus, though the energies may be good, properties based on the contaminated wavefunction may be unreliable. Ideally, we might solve the problem exactly in the one-particle basis via full configuration interaction, but this approach is rarely computationally feasible. Another approach is to use a multireference method, such as multi-reference coupled cluster, and significant progress has been made along these lines. 5 However, it would be interesting to have a simpler alternative more in the spirit of single-reference coupled cluster.
Recent work has shown that it might be possible to describe strong correlation with a judicious modification of single-reference coupled cluster theory or its variants. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] It seems that the failure of coupled cluster to describe strong correlation can be attributed not merely to inadequacies of the reference, but also to instabilities in the truncated coupled cluster ansatz. Eliminating or decoupling pairing channels of the T 2 operator enables restricted coupled cluster to recover qualitatively correct behavior in describing strongly-correlated systems.
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With some notable exceptions, 17 most work using a simplification of single-reference coupled cluster theory to recover qualitatively correct behavior for strong correlation has been done only for closed-shell systems. In this manuscript, we extend the search for an in- 
II. THEORY AND METHODS

A. Closed-Shell Singlet-Paired Coupled Cluster
In closed-shell coupled cluster with double excitations (CCD), we write the wave function
where |0 is the restricted Hartree-Fock (RHF) reference. The cluster operator T 2 is spin adapted 28 and creates double excitations:
Here, orbitals i j (a b) are occupied (unoccupied) in the RHF reference, spin indices σ and ξ are summed over both up and down spin, and summation over repeated indices is implied.
The amplitudes t ab ij are found by solving
where | ab ij is notation for referring to the space of symmetry-adapted, doubly-excited determinants. 28 The energy is then found by evaluating
using the amplitudes from Eq. 3.
With the addition of single excitations, CCSD accurately describes weakly-correlated systems, but breaks down when systems take on multireference character, as evidenced by the familiar unphysical hump in the dissociation of N 2 in the STO-3G basis, 29 shown in Fig.   1 . Although CCSD is a good approximation of the full configuration interaction result near equilibrium, this curve erroneously predicts molecular N 2 to be only slightly more stable than the atomic radicals and gives energies at dissociation below the exact FCI result. It has been known for a long time that T 2 can be written in terms of a particleparticle/hole-hole recoupling. 30, 31 This led Bulik et al. 27 to notice that eq. 2 can be recast as
where T
[0] 2 and T [1] 2 are the singlet-and triplet-paired components of the full T 2 , respectively, and are given by
The pair operators are given by
where
For a closed-shell reference |0 , P † ab |0 and P ij |0 are N + 2 and N − 2 electron singlets, respectively, where N is the number of electrons in the reference. We also note that P † ab is given by
where we first substitute i → a, j → b into Eq. 8 and then transpose.
Since P † ab is symmetric on interchange of indices a and b, so too are the σ ab ij amplitudes, and it can be shown that σ ab ij is related to the full t ab ij by
Singlet-paired coupled cluster has a wave function ansatz from which coupled cluster equations follow. That is, one can derive fully symmetric amplitude and energy equations for singlet-paired coupled cluster doubles (CCD0) by writing the CCD0 wave function as
and inserting T 
where σ 
Singlet-paired coupled cluster decouples the symmetric part of the amplitudes from the antisymmetric part by setting π ab ij in Eq. 14 equal to zero. In standard coupled cluster, the singlet-and triplet-pairing channels are fully coupled. Including other orders of excitations
2 , e.g. CCSDT0, maintains correct physics while improving on the accuracy of the method. 27 As can be seen in Fig. 1 , although singlet-paired coupled cluster does not give exact energies, it gives the qualitatively correct shape of the dissociation curve.
Before moving on to the generalization of CCD0 for open shells, we note that one can use
2 in the above procedure to generate triplet-paired coupled cluster doubles (CCD1), and solve for the antisymmetric π ab ij amplitudes, rather than finding the symmetric σ ab ij amplitudes via CCD0. 27 In the present work, we focus on the open-shell extension of singlet-paired coupled cluster. The electron correlation comes primarily from opposite spin interactions, which CCD0 describes more fully than CCD1. Triplet-paired coupled cluster is interesting in that it recovers a qualitatively correct description of strong correlation, but because its energies are generally substantially worse than those given by CCD0, we do not discuss it further here.
B. Open-Shell Singlet-Paired Coupled Cluster
Extending the singlet-pairing scheme discussed above for use in describing open-shell systems poses three primary challenges.
First, notice that the singlet-paired annihilation operator in eq. 8 is only singlet-paired when the indices i and j run over the same set of spatial orbitals. Otherwise, P ij is not antisymmetric on interchange of the spin indices, and neither P † ab |0 nor P ij |0 is a singlet wave function. Thus, the reference orbitals used to define the pairing scheme cannot come from unrestricted Hartree-Fock (UHF), in which the α and β spatial orbitals are allowed to differ. Even the semicanonical orbitals from restricted open-shell Hartree Fock (ROHF) calculations will not suffice, as these only guarantee that α and β orbitals span the same space. We can solve this problem by using as our reference the so-called Natural Orbitals (NO), i.e. ROHF orbitals in the basis that diagonalizes the charge density matrix
where γ α and γ β are the alpha and beta density matrices, respectively. The transformation to the NO Basis is defined by unitary U such that
where n is diagonal, with eigenvalues that are occupation numbers of 1, Third, we write the coupled cluster equations schematically as
where Ht is shorthand for the contractions between the Fock matrix and amplitudes:
For RHF-based CCD0, this equation takes the form
where we solve for the symmetric σ amplitudes from a symmetric right hand side G sym . In addition, for the closed-shell case, H is also symmetric because
For the open-shell case, however, H is not necessarily symmetric, because f α = f β . Spinsumming the coupled cluster equations gives three sets of equations: two same-spin equations for alpha/alpha and beta/beta excitations and the alpha/beta equations describing oppositespin excitations. For the alpha/beta equations, Eq. 19 becomes
where an overbar indicates a beta spin index, a lack of an overbar indicates an alpha spin index, and the indices run over the occupied/virtual dimensions appropriate for that spin.
Because we now have f α = f β , Eq. 21 is not invariant to interchange of the spin indices. For ROCCSD0, then, we must also take the symmetric part of H in the oo-vv block in addition to the symmetric part of T and G:
We construct H sym by replacing the alpha and beta Fock matrices contracting over the doubly-occupied to virtual block in Eq. 21 with Fock charge, defined in analogy with the charge density matrix,
Amplitudes outside of the doubly-occupied to virtual block are contracted as usual over their respective Fock matrices, and the oo-vv block of Eq. 21 becomes
where now I, J run over doubly-occupied orbitals, A, B run over virtual orbitals and X, Y run over singly-occupied orbitals. We emphasize that, while the Fock matrices are zero in the oo-vv block, the singly-occupied to virtual blocks of the Fock matrices are nonzero.
Hence, the last two terms in Eq. 24. We then move the last two terms in equation Eq. 24
to the right hand side of Eq. 22 before symmetrizing G.
ROCCSD0 can be implemented as follows:
• Construct the ROHF reference.
• Transform the integrals to the NO basis.
Iterate:
• Build standard G.
• Move excitations involving singly-occupied orbitals that couple to the oo-vv block over to G. From Eq. 24:
• Symmetrize the doubly-occupied to doubly-virtual block of G:
• Solve H sym σ = G sym (σ) in the doubly-occupied to virtual block.
• Solve standard Ht = G(t) in all other amplitude blocks, including singles.
C. Computational Details
All Hartree-Fock and standard coupled cluster calculations were done in Gaussian 09,
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while the non-canonical ROCCSD0 calculations were performed using in-house code. Our in-house code does not support point group symmetry, so our ROHF calculations were done without point group symmetry, and we used the lowest-energy orbitals we could find as our coupled-cluster references. Where we found multiple smooth ROHF curves, we have shown ROCCSD and ROCCSD0 results on both references. Throughout, we use cartesian d functions and work in relatively small basis sets. 36, 37 Because dynamic correlation is basisset dependent, while static correlation is not, static correlation dominates in small bases.
Working in such basis sets allows us to emphasize the deficiencies of standard coupled cluster to describe strong correlation.
III. RESULTS
First, we study the behavior of ROCCSD0 on the dissociation of a set of linear, equallyspaced hydrogen chains with open boundary conditions. The top panel of Fig. 2 shows the dissociation of a doublet 5-hydrogen chain in the STO-3G basis set. For ROCCSD, we observe a breakdown similar to that seen in the CCSD dissociation of N 2 . The ROCCSD curve turns over at around 3.5 bohr before becoming difficult to converge. ROCCSD0 on the other hand is both well behaved and convergent at longer bond lengths. In addition, ROCCSD0 gives energies across the range of bond lengths nearly indistinguishable from UCCSD(T), which gives the right energy for this system, but the wrong wave function because of spin contamination. Looking at the bottom panel of Fig. 2 , we see the dissociation Errors relative to UCCSD(T) are given for reference.
of the same system in the larger cc-pVDZ basis set. 38 The larger basis makes ROCCSD generally better behaved, pushing the point of breakdown out to around 4 bohr. However, ROCCSD still breaks down as catastrohpically in this basis as in the minimal basis case.
Once again, ROCCSD0 recovers the correct behavior, is indistinguishable from UCCSD(T) at dissociation and sacrifices only a fraction of the correlation energy at equilibrium. Figure 3 shows the dissociation of an equally-spaced 7-hydrogen chain in the cc-pVDZ basis. Here, the breakdown of ROCCSD becomes more pronounced relative to that observed for the 5-hydrogen case; the ROCCSD curve turns over sooner, the divergence is much steeper, and the equations become harder to converge at shorter bond lengths. Nevertheless, we see the same recovery of correct physics by ROCCSD0. At dissociation, ROCCSD0 is very near UCCSD(T), despite the significant breakdown of ROCCSD. We now apply ROCCSD0 to some simple triplet hydrogen chains. In Fig. 4 , we see the dissociation of an equally-spaced triplet 6-hydrogen chain in the cc-pVDZ basis. Relative to the 5-hydrogen chain shown above, this system is evidently a tougher problem in that ROCCSD breaks down and stops converging sooner. In addition, although ROCCSD0 does recover the correct description of the dissociation, it also stops converging sooner. We also see a more notable difference between the energies predicted by UCCSD(T) and ROCCSD0, a result we would generally expect. Figure 5 shows the dissociation of a triplet 8-hydrogen chain in cc-pVDZ. Once again, the larger system is more difficult to describe, as ROCCSD turns over much more sharply than for the 6-hydrogen case and stops converging more quickly. In contrast, ROCCSD0 can be converged nearly as far for the 8-hydrogen chain as for the 6-hydrogen case. We again see the expected recovery of correct dissocation behavior by ROCCSD0 and note that we now have a noticable difference between the ROCCSD0 and UCCSD(T) energies.
While ROCCSD0 correctly describes these systems using reference determinants that are eigenfunctions of S 2 , UCCSD(T) requires severely symmetry-broken UHF references to accomplish the same feat. While S 2 for a doublet is 0.75, at dissociation, UHF in cc-pVDZ predicts S 2 values for H 5 and H 7 of 2.84 and 3.73, respectively. Similarly, for a triplet, we should have S 2 = 2. However, at 6 bohr, UHF in cc-pVDZ predicts S 2 for triplet H 6 and triplet H 8 both to be around 3.99. These numbers emphasize the need to preserve wavefunction symmetries if possible. Though the energies in such cases may be good, symmetry-dependent molecular properties will be poor. Another question, however, is how spin contaminated the coupled cluster wavefunctions are. To the extent that ROCCSD is spin adapted, i.e., the expectation value of S 2 is correct, so is ROCCSD0. However, both methods retain terms whose recoupling can yield non-singlets in open-shell cases. A precise quantification of this effect would require implementation of ROCCSD0 response density matrices, which we will carry out in due course.
We see slightly different behavior in the dissociation of a triplet 8-hydrogen ring in Fig.   6 . Here, two ROHF curves result in pathological behavior of the coupled cluster energies. We now turn our attention to a slightly more complicated problem: the dissociation of triplet N 2 . The breakdown of RHF-based coupled cluster in the description of the dissociation of singlet N 2 is well known. As is apparent in Fig. 7 , this breakdown also extends to the ROCCSD description of the dissociation of triplet N 2 for the solution curves labeled "A". As in the case of the 8-hydrogen systems, we find at least two smooth ROHF curves here. For triplet N 2 however, the choice of which ROHF reference to use for ROCCSD is muddled because, while ROHF-A is lower at equilibrium, ROHF-B goes to a lower limit at dissociation. In the top panel of Fig. 7 , we plot the energy of triplet N 2 at each bond length relative to the quartet N and doublet N atomic energies from the same method. Here, the breakdown of ROCCSD-A is exacerbated relative to the singlet case, which at least predicted molecular N 2 to to be more stable than the atomic ions even in the STO-3G basis. Even in the larger cc-pVDZ basis 38 calculations shown in Fig. 7 , ROCCSD-A unphysically turns over to eventually predict triplet N 2 to be unbound. Although ROCCSD0-A predicts too deep of a minimum at equilibrium, it goes to nearly the correct limit of the sum of the ROCCSD0 quartet N and doublet N radical energies at dissociation. Coupled cluster on the ROHF-B reference is well behaved, dissociating to the correct limit. Since there is no breakdown in this case to correct, ROCCSD0-B simplify shifts the energy up from ROCCSD-B across the range of bondlengths. Although ROCCSD0-B dissociates to too high of a limit, the depth of the energy minimum is comparable to that of the ROCCSD-B curve.
In the bottom panel of Fig. 7 , we plot the total energies for the same system. This plot makes it easier to see how ROCCSD0 recovers correct behavior from ROCCSD, but also highlights an important feature of ROCCSD0 not as obvious in the applications on hydrogen chains. That is, singlet-paired coupled cluster generally sacrifices a significant portion of the weak correlation in order to protect the method from failure due to strong correlation. This observation is in line with results from closed-shell CCD0, 27 and work to remedy this deficiency is on going.
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IV. DISCUSSION
Bulik et al. 27 showed that decoupling the singlet-and triplet-pairing channels of the ROCCSD0 is greatly improved relative to ROCCSD, but this success appears to depend somewhat on the choice of ROHF reference. For triplet N 2 , ROCCSD0 recovers correct behavior again when ROCCSD breaks down, dissociating to nearly the correct limit, i.e. the sum of the ROCCSD0 energies for the individual atoms, but the loss of weak correlation is more apparent. One ROHF reference for this system resulted in good ROCCSD energies. ROCCSD0 on this reference maintains correct behavior, but sacrifices some correlation.
To highlight the effectiveness of ROCCSD0, we have presented examples where standard ROCCSD fails dramatically at long bond lengths, but it is worth mentioning that ROCCSD is a robust method that often does not fail as obviously for strongly-correlated systems as its closed-shell counter part. We speculate that if the breakdown of ROCCSD is associated with quadratic terms in the coupled cluster equations connecting doubly-occupied to virtual orbitals, then the presence of singly-occupied orbitals protects ROCCSD from breakdown by widening the effective gap between the highest doubly-occupied molecular orbital and lowest virtual orbital.
A useful feature of RHF-based CCD0 is that it completely eliminates explicit same-spin correlation, making it possible to combine CCD0 correlation energies with same-spin correlation from homogenous electron gas-based density functionals and the random phase approximation to obtain more quantitative results. 39, 40 This combination is not straightforward without double counting in our current formulation of ROCCSD0, because we retain same-spin excitations involving open-shell orbitals. However, since it is apparently the doubly-occupied to virtual block of T 2 that must be decoupled to recover correct behavior for strong correlation, there is some flexibility in how we treat the open-shell excitations. Since ROCCSD0 already removes same-spin excitations in the doubly-occupied to virtual block, it might be fruitful to eliminate these excitations in the open-shell block as well, enabling the combination of ROCCSD0 with same-spin correlation from DFT. Such an ROCCSD0+DFT method might prove a useful tool in the study of systems such as open-shell actinide complexes, as RHF-based CCD0+DFT seems to be, 39,40 but this is not an avenue we explore here. We are currently working on how to recouple the singlet-and triplet-pairing channels of T 2 in order to obtain more accurate results for closed-and open-shell systems without reintroducing the failures of standard coupled cluster, but such a procedure is also not straightforward.
We conclude by offering a general remark on the apparent success of singlet-paired coupled cluster over traditional coupled cluster. What this work and previous work have shown is that it is not simply deficiencies in the single-determinant reference that cause correlated methods such as coupled cluster theory to fail. This is something we already knew, of course, since full configuration interaction built upon a single-reference wave function can provide the exact solution in the space of single-particle basis functions, even in the presence of strong correlation. Full configuration interaction tells us that it is possible to describe strong correlation at the single-reference level. Singlet-paired coupled cluster tells us that it may be possible to do so in a computationally tractable manner, provided that we have the right wave function ansatz, and it is our hope that this work, though not the final goal, will be a step in the right direction.
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